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a b s t r a c t
The aim of this paper is to analyze the aeroelastic processes developed during the starting phase of a
rocket engine via a coupling ﬂuid/structure code. This analysis gives a better understanding of the behav-
ior of the structure as the shock waves propagate inside the engine nozzle. The gasdynamics Euler equa-
tions are solved for the ﬂuid and constitutive linear elastic solid assuming large displacements and
rotations with no material damping is adopted for the structure. The coupling of each subproblem is car-
ried out with a Gauß–Seidel algorithm over the ﬂuid and structure states. For the ﬂuid problem an ALE
(Arbitrary Lagrangian–Eulerian) formulation is used. It allows us to deﬁne a reference system following
the moving boundaries while the structure is deformed. The code is validated with a study of the ﬂutter
phenomena that may occur when a supersonic compressible ﬂuid ﬂows over a ﬂat solid plate. Regarding
the rocket engine ignition problem, a modal analysis of the structure is performed in order to analyze the
eigenfrequency shifts when considering the coupling with the ﬂuid ﬂow.
 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Aeroelastic problems have been studied from a theoretical point
of view for years, solving simpliﬁedmodelswith fewdegrees of free-
dom [1]. Nowadays, with the development of multiphysics codes,
more complex problems can be solved getting a better understand-
ing of involved phenomena. One of these complex problems is the
ignition of a rocket engine. During this stage, a sudden increase in
pressure is produced in the combustion chamber, which results in
compression waves that propagates through the divergent section
producing deformations in the nozzle and changing the original
contour. This affects directly the ﬂow pattern and may give non-
symmetrical loads which excite the structure. The side-load phe-
nomena has been studied by several researchers [2–5] and is caused
by a non-symmetrical pressure distribution, which has a potential
origin in the aeroelastic coupling. So, the key idea followed here is
to include the coupling phenomena when studying the dynamic
behavior and the deformation of structure during the start-up on
the rocket via a transient three dimensional analysis. In addition
and as is well known the effect of a dynamic load on a structure
not only depends on the magnitude but also its frequency and the
natural frequencies of the structure. Therefore it is of crucial interest
to know how the two principal natural frequencies of the structures
are affected by the presence of a ﬂuid at a high Mach number.
Large scale and complex ﬂuid and structural problems are in-
volved in the analysis. The simultaneous solution of the ﬂuid and
structure equations using a monolithic scheme may be mathemat-
ically unmanageable or its implementation can be a laborious task.
Furthermore, the monolithic coupled formulation would change
signiﬁcantly if different ﬂuid and/or structure models were consid-
ered (see Refs. [6,7]).
An efﬁcient alternative is to solve each subproblem in a parti-
tioned procedure using a staggered ﬂuid/structure coupling algo-
rithm (see Refs. [8,9]) where time and space discretization
methods could be different. Such a scheme is in favor of the use
of different specialized codes on each sub-area. There exist various
procedures to couple the ﬂuid and structure solvers: the coupling
conditions and the moving interface can be treated in a fully expli-
cit, implicit or in a mixed explicit/implicit manner. This approach
allows a smooth transition between a weak coupling, this is when
no iterations between the ﬂuid and the structure are made and the
strong coupling, this is when a number iterations between the ﬂuid
and the structure are made.
The rocket engine ignition problem is also interesting from the
computational point of view as a paradigm of multiphysics code
implementation that reuses preexistent ﬂuid and solid solvers.
The partitioned algorithm is implemented in the PETSc-FEM code
[10] which is a parallel multiphysics ﬁnite element program based
on MPI (the Message Passing Interface) and PETSc (the Portable
Extensible Toolkit for Scientiﬁc Computations) library. Three in-
stances of the PETSc-FEM code simulate each subproblem (i.e.,
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ﬂuid dynamics, mesh movement and structure dynamics prob-
lems) and communicate interface forces and displacements via
standard C FIFO ﬁles or ‘pipes’. The key point in the implementa-
tion of this partitioned scheme is the data exchange and synchro-
nization between the parallel processes. These tasks are made in a
small external C++ routine.
2. Partitioned algorithm via ﬁxed point iteration
In this section the temporal algorithm that performs the cou-
pling between the structure and the ﬂuid codes is sketched (see
Ref. [11] for a detailed description). It is a ﬁxed point iteration
scheme over the variables of both ﬂuid and structure systems. In-
side of the time step loop the algorithm is equipped with an inner
loop called ‘stage’, so if the ‘stage loop’ converges, then a ‘strongly
coupled’ algorithm is obtained. Hereafter, this algorithm is called
‘staggered algorithm’ (see Refs. [8,12]).
The basic scheme considered in this work proceeds as follows:
(i) Transferring the motion of the wet boundary of the solid to
the ﬂuid problem.
(ii) Updating the position of the ﬂuid boundary and the bulk
ﬂuid mesh accordingly.
(iii) Advancing the ﬂuid system and compute new pressures.
(iv) Converting the new ﬂuid pressure (and stress ﬁeld) into a
structural load.
(v) Advancing the structural system under the ﬂow loads.
In this algorithm three codes: Computational Fluid Dynamics
(CFD), Computational Structure Dynamics (CSD) and Computa-
tional Mesh Dynamics (CMD) are running simultaneously. For sim-
plicity, the basic algorithm can be thought as if there were no
‘concurrence’ between the codes, i.e. at a given time only one of
them is running. This can be controlled using ‘semaphores’ and this
is done using MPI ‘synchronization messages’. A schematic diagram
is shown in Fig. 1.
At time tn, we deﬁne wn to be the ﬂuid state vector ðq;v; pÞ;un
to be the displacement vector (structure state vector), _un the struc-
ture velocities and Xn the ﬂuid mesh node positions. In this work,
both ﬂuid and structure partitions are integrated with the trape-
zoidal algorithm (with trapezoidal parameter 0 < atrap 6 1). In
each time step the ﬂuid is ﬁrst advanced using the previously com-
puted structure state un and the current estimated value unþ1p . In
this way, a new estimation for the ﬂuid state wnþ1 is computed.
Next the structure is updated using the forces of the ﬂuid from
states wn and wnþ1. The estimated state unþ1p is predicted using a
second or higher order approximation, were a0 and a1 are two real
constants. The prediction (1) is trivial if a0 ¼ a0 ¼ 0, ﬁrst-order
time-accurate if a0 ¼ 1 and second-order time-accurate if a0 ¼ 1
and a1 ¼ 1=2. In Ref. [9] there is an extended description about
the use of the predictor (1) on ﬂuid–structure interaction problems
and the energy transfer between the ﬂuid and the structure. It was
proved that monolithic schemes and strongly-coupled staggered
schemes conserve energy-transfer at the ﬂuid–structure interface
boundary, whereas weak-coupled algorithms introduce after a cer-
tain amount of time t an artiﬁcial energy E ¼ OðDtpÞ, where p is the
order of the prediction.
uðnþ1Þp ¼ un þ a0Dt _un þ a1Dtð _un  _un1Þ: ð1Þ
Once the coordinates of the structure are known, the coordi-
nates of the ﬂuid mesh nodes are computed by a ‘Computational
Mesh Dynamics’ code, which is symbolized as:
Xn ¼ CMDðunÞ: ð2Þ
The movement of the mesh can be performed with a general
strategy using both nodal relocation or re-meshing. In this paper
only the former is adopted, keeping the topology unchanged. The
relocation of mesh nodes can be done using an elastic or pseudo-
elastic model (see Ref. [13]) or minimizing a functional that mea-
sures the distortion of the mesh with a geometric quality indicator
(see Ref. [14]) through a separate PETSc-FEM parallel process. Both
schemes are available in the PETSc-FEM code.
At the beginning of each ﬂuid stage there is a computation of
skin normals and velocities. This is necessary due to the time
dependent slip boundary condition for the inviscid case, imple-
mented as a constraint (see Eq. (9)), and also when using a non-slip
boundary condition, where the ﬂuid interface has the velocity of
the moving solid wall, i.e., vjC ¼ _ujC.
3. Description of the validation test
Prior to focus on the aeroelastic behavior of the rocket nozzle
and in order to validate the code, the ﬂutter of a ﬂat solid plate
aligned with a gas ﬂow at supersonic Mach number (see Fig. 2) is
studied and the critical Mach number is computed. This test can
be seen as a very simple representation of an isolated portion of
the wall nozzle and is relevant because the onset of physical insta-
bilities is very sensitive to the precision in the transfer of forces
and displacements. A thorough description can be found in [9,11]
together with a deeper analysis on stability and convergence of
the algorithm.
The ﬂutter mechanism is a convergence of natural frequencies
with increasing ﬂow velocity. The ﬂutter frequency is between
the ﬁrst and second natural frequencies and the mode shape shows
Fig. 1. Synchronous FSI partitioned scheme.
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a maximum on the rear edge of the plate, rather than on the front
edge (see Ref. [1]).
A uniform ﬂuid at state ðq1; U1; p1Þ ﬂows over an horizontal
rigid wall (locate at y ¼ 0) parallel to it. In a certain region of the
wall ð0 6 x 6 LÞ the wall deforms elastically following thin plate
theory, i.e.
m€uþ D @
4u
@x4
¼ ðp p1Þ þ f ðx; tÞ; ð3Þ
where m is the mass of the plate per unit area in (kg/m2),
D ¼ Ed3=12ð1 m2Þ the bending rigidity of the plate module in
(N m), E is the Young modulus in (Pa), d the plate thickness in
(m), m the Poisson modulus, u the normal deﬂection of the plate
in (m), deﬁned on the region 0 6 x 6 L and null outside this region,
p the pressure exerted by the ﬂuid on the plate in (Pa), f is an exter-
nal force in (N).
All variables and parameters are dimensionless by selecting
L=2 ¼ 1 ðmÞ; q1 ¼ 1 ðkg=m3Þ and c1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cp1=q1
p ¼ 1 ðm=sÞ as
reference values for length, mass and time scales.
The following parameters are used:
q1 ¼ 1;
p1 ¼ 1=c ¼ 0:71429 ðc ¼ 1:4Þ;
U1 ¼ M1 ðsince c1 ¼ 1Þ;
D ¼ 0:031611;
m ¼ 36:585;
L ¼ 2:
ð4Þ
The plate is clamped at both ends, i.e. u ¼ @u
@x ¼ 0 at x ¼ 0; L. For
the sake of simplicity the ﬂuid occupying the region y > 0 is invis-
cid. The gasdynamics Euler equations with SUPG (Streamline Up-
wind Petrov Galerkin) stabilization and ‘anisotropic shock-
capturing’ method are considered (see Refs. [15,16]).
A slip condition is assumed
ðv  vstrÞ  pn^ ¼ 0: ð5Þ
on the (curved) wall y ¼ uðxÞ, where
vstr ¼ ð0; _uÞ;
n^ /  @u
@x
;1
 
;
ð6Þ
are the velocity of the plate and its unit normal. Finally, initial con-
ditions for both the ﬂuid and the plate are taken as
uðx; t ¼ 0Þ ¼ u0ðxÞ;
_uðx; t ¼ 0Þ ¼ _u0ðxÞ;
ðq;v; pÞx;t¼0 ¼ ðq;v;pÞ0; for yP u0ðxÞ:
ð7Þ
Note that the free stream ﬂuid pressure is subtracted and in the
absence of any external perturbation (f  0) the undisturbed ﬂow
ðq;v; pÞx;t  ðq;v; pÞ1 is a solution of the problem for the initial
conditions
u  0;
_u  0;
ðq;v;pÞx;t¼0  ðq;v;pÞ1:
ð8Þ
The study of the ﬂutter instability is carried out by means of the
modal analysis, assuming the ‘Houbolt approximation’ for the ﬂuid
(see Ref. [19]), where the pressure acting on the plate surface is a
function of the plate deﬂection derivatives, i.e., p p1 ¼ f @u@x ; @u@t
 
.
Then a Galerkin method is used and the normal displacement is ex-
panded in a global basis. These basis functions satisfy the essential
boundary conditions for the plate equation u ¼ @u
@x ¼ 0 at x ¼ 0; L.
Replacing the Houbolt approximation in Eq. (3), using Galerkin
method and integrating by parts as needed, leads to the eigenvalue
problem.
Flutter is detected whenever the real part of some eigenvalue k
changes its sign. In order to determine the critical Mach number
Mcr , the interval 1:8 6 M 6 3:0 was swept with increments of 0.01.
For this problem all the eigenvalues have negative real part for
M1 < Mcr ¼ 2:265 which results in a stable system. For
M1 > Mcr ¼ 2:265 there are two complex conjugate roots with po-
sitive real parts. The computed value of Mcr is in agreement with
the result given in [9] (i.e., Mcr ¼ 2:23). These results will be used
to validate the coupling code.
3.1. FSI code results
The aeroelastic problem deﬁned above was modeled with the
partitioned algorithm described in Section 2 using the weak cou-
pling scheme between ﬂuid and structure, i.e. nstage ¼ 1. A mesh of
12,800 quadrilateral elements for the ﬂuid and other of 5120 for
the plate were used for the spatial discretization and the Crank–
Nicolson schemewith a variable time step per case was used, based
on a Courant number of 5 for the unperturbed ﬂow. This amounts to
Dt ¼ 0:02762 for Mach 2.225 and Dt ¼ 0:0272 for Mach 2.2275.
The setting of boundary conditions at the inlet and outlet walls
is based in the number of incoming and outgoing characteristics on
these boundaries. Therefore, at the inlet wall all four characteris-
tics are incoming so that, four variables ½q;u;v ; p are speciﬁed as
Dirichlet conditions. At the outlet wall, all four characteristics are
outgoing so that, no (Dirichlet) conditions are speciﬁed. Therefore,
the problem is well-posed and no wave reﬂection occurs.
As the ﬂow is supersonic only a small entry section of 1/8L up-
stream the plate and 1/3L downstream is considered. The vertical
size of the computational domain was chosen as 0.8L. This choice
for the vertical size guarantees that no reﬂection from the upper
boundary pollutes the region of the plate.
In ﬂuid structure interaction problems solved with ALE schemes
[20], it is known that, the mesh velocity depends on the ﬂuid–solid
interface velocity, therefore, to guarantee second order in time
accuracy it is necessary to use a0 ¼ 1 and a1 ¼ 1=2 for the predic-
tor. Note that, if the Crank–Nicolson scheme is used for the time
integration of both the structure and the ﬂuid equations and the
predictor is chosen with at least second order precision, then the
whole algorithm is second order, even if only one stage is performed
(see Ref. [12]).
In order to ﬁnd (numerically) the critical Mach number for this
problem a sweep in the Mach number in the range of 1.8–3.2
was done. Results for some Mach numbers can be seen in Fig. 3.
In these plots, the time evolution of displacements of twenty equi-
spaced points along the skin plate are shown. In ﬁgures corre-
sponding to M = 2.275 it is clearly appreciable the divergent
tendency on the plate deﬂection. This means that the ﬂutter condi-
tion has been reached. The ﬂuid density ﬁeld and the structure dis-
placement at Mach = 3.2 (ﬂutter region) for a given time step is
shown in Fig. 4.
Fig. 2. Description of the test case.
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4. Rocket ignition: description of proposed analysis
The algorithm described and validated in Sections 2 and 3 will
be used to obtain the deformation in the nozzle of a rocket engine
during the ignition. This problem has been under study by many
researchers over the years, carrying both numerical [21–24] and
experimental [25,26] analysis.
Nozzles with high area ratio are used in the main space launch-
ers (Space Shuttle Main Engine, Ariane 5). These engines must
work in conditions ranging from sea level to orbital altitude but
an efﬁcient operation is reached only at high altitude. The nozzles
contour is often designed according to the theory proposed by Rao
[27] that results in Thrust Optimized Parabolic or Parabolic Bell
(TOP) nozzle, which has some advantages compared to the tradi-
tional conical shapes. These advantages are the smaller length,
lower weight, as well as the reduction in energy losses in the
expansion of gases [28–31].
During the start-up phase the structure is deformed due to the
advance of a shock wave that is highly detrimental to the integrity
and service life cycle of the rocket engine. Many problems have
been encountered in the Space Shuttle Main Engine, European
Vulcain (Ariane) and in the Japanese LE-7, all these were related
to the ignition stage and side loads phenomena.
The nozzle under study has a bell-shape geometry which is gen-
erated by rotating a contour line around the x axis. In this way the
3D geometry is obtained (see Fig. 5).
The most relevant geometrical data are detailed below:
 Overall length: l ¼ 1810 (mm).
 Throat diameter: Dt ¼ 304 (mm).
 Exit diameter: De ¼ 1396 (mm).
 Area ratio:  ¼ 21:1.
4.1. Numerical model
Starting from the three-dimensional model two independent
meshes are generated, one for the ﬂuid domain discretization
and the other for the structure domain discretization. A mesh with
334,700 tetrahedral elements is generated for the ﬂuid with a lin-
ear interpolation of the variables. The structural mesh is composed
of 59,600 wedge (triangular base prismatic) elements. Detailed
view of grid zones of both meshes is shown in Fig. 6.
In FSI problems there is an information transfer in the ﬂuid–
structure interface. Using conforming meshes (node to node coin-
cident) on the interface, the transmission is direct and does not
need an algorithm to do a surface tracking, state interpolation
and load projection, but the major drawback of this method is that
reﬁnement in the structure mesh will cause an increase in the ﬂuid
mesh and therefore in the overall problem size.
The structural problem is solved using a PETSc-FEM module,
which is based on the theory of constitutive linear elastic material,
geometrically nonlinear and no material damping. The gasdynam-
ics Euler equations are solved and SUPG stabilization is used to-
gether with the shock-capturing method which has been
proposed by Tezduyar and Senga [15]. Using the Euler equations
the CPU and memory costs can be signiﬁcantly reduced compara-
Fig. 3. Plate deﬂection in distributed points along plate.
Fig. 4. Fluid and structure ﬁelds at M = 3.2. Colormap = ﬂuid density, time = 1.68 s.
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tively to the viscous case. Furthermore, from previous works
[17,18] can be concluded that this equations correctly predict the
main ﬂows feature.
The data exchange and synchronization between the three par-
allel processes are carried out with an external C++ routine, jointly
with the pressure integration over the interface to get the force
acting on the structure.
The strategy adopted in this work to solve an aeroelastic prob-
lem would be useful when analyzing the stability of nozzles, and it
will be considered in a future work. In the early 1990s simpliﬁed
techniques for analyzing the stability were proposed by Pekkari
[2,3], where the parietal pressure due to the wall deformation is
giving by an analytical expression. A recent work carried out by
Östlund [4] made an improvement in the technique. But these
methods solve the aeroelastic problem in a decoupled fashion.
In order to solve the aeroelastic problem the material properties
for the nozzle and ﬂuid are summarized in Tables 1 and 2. In this
work the nozzle is modeled with an homogeneous material, but
more complex structural models can be similarly used.
4.2. Boundary and initial conditions for the nozzle ignition problem
The FSI problem requires initial and boundary conditions for
both, the structural and the ﬂuid problem, separately. The nozzle
is clamped (all displacements null) at the junction with the com-
bustion chamber and the rest is left free. In the ﬂuid ﬂow problem
a slip condition is applied to the wall of the nozzle, which is math-
ematically represented by the following equation:
ðv  vstrÞ  n^ ¼ ðv  _uÞ  n^ ¼ 0: ð9Þ
Mentioned above the slip conditionmust be applied dynamically
because the normal to the wall and the structure velocity change
during the simulation. For the ﬂuid ðp0; T0Þ are imposed at the inlet.
Theseconditionsare taken fromthestagnationconditionof the com-
bustion chamber ðp0; T0Þ, and then q0 is computed from the state
equation (see Table 3). The modeling of the ignition of a rocket ex-
haust nozzle is challenging from several points of view. One of these
points is the imposition of boundary conditions that at the outlet
wallmust be non-reﬂective.Moreover, in such case, the needed con-
ditions at the outlet boundary change from rest (i.e., subsonic ﬂow)
to supersonic ﬂow as a shock wave appears at the throat and propa-
gates toward theboundary. So, theconditionmustbe capableofhan-
dling the dynamical change of the Jacobians matrix proﬁle. During
theﬂowcomputation inside thenozzle thenumberof incoming/out-
going characteristics, and therefore the number of Dirichlet condi-
tions to be imposed, will change. Having a boundary condition that
can automatically adapt itself to this change is essentially useful in
such a problem. In addition, the computational domain can be lim-
ited to the nozzle interior up to the exit plane, with a signiﬁcant
reduction in CPU time and memory use. Imposing absorbent/dy-
namic boundary conditions is based on the analysis of the projection
Fig. 5. Contour line and 3D model.
Fig. 6. Spatial discretization for the ﬂuid and for the structure.
Table 1
Solid properties.
Young’s modulus Poisson’s coefﬁcient Density Thickness
2:07 1010 ðN=m2Þ 0.28 8400 ðkg=m3Þ 0:015 ðmÞ
Table 2
Fluid properties.
R c q1 T1 p1
287 ðJ=kg KÞ 1.40 1:225 ðkg=m3Þ 288 ðKÞ 10,1253 (Pa)
Table 3
Stagnation values used for the combustion chamber.
p0 q0 T0
26 ðMPaÞ 306:25 ðkg=m3Þ 299 ðKÞ
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of the Jacobians of advectiveﬂux functionsontonormal directions to
ﬁctitious surfaces. The advantage of themethod is that it is very easy
to implement and that it is basedon imposingnon-linear constraints
via LagrangeMultipliers or PenaltyMethods (see Ref. [32] for amore
detailed description).
Initial conditions must be established in both domains. The fol-
lowing are adopted for the ﬂuid
Table 4
Characteristic dimensions.
Nozzle Vulcain S1 S3
Area ratio ðÞ 45 20 18.2
Nozzle length (L) (mm) 2065.5 350 528.2
Throat diameter (Dt) (mm) 262.4 67.08 67.08
Nozzle exit diameter (De) (mm) 1760.2 300.0 286.5
Fig. 7. Radius and wall pressure distribution.
Fig. 8. Schematic deformation of the structure.
Fig. 9. Structure deformation and pressure distribution for the moving shock wave.
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vðx; t0Þ ¼ 0; ð10Þ
pðx; t0Þ ¼ p1; ð11Þ
qðx; t0Þ ¼ q1; ð12Þ
and the next for the structure
uðx; t0Þ ¼ 0; ð13Þ
_uðx; t0Þ ¼ 0: ð14Þ
5. Results
5.1. Aeroelastic behavior of the nozzle
The proposed numerical problem was carried out on a cluster
[33] machine using 30 processors Intel Pentium IV Prescott
3 GHz with 2 Gb of RAM (DDR2 400 MHz), interconnected with
two switch Gigabit Ethernet (1 Gbit/s), 3Com Super Stack 3. In
the simulation, 2000 time steps with a Dt ¼ 2 105 (s) are com-
puted to obtain a fully developed ﬂow, taking into account that
the shock wave leaves the interior of the nozzle in approximately
8:8 103 (s).
Before performing the aeroelastic analysis, the nozzle used in
this work is compared to the Vulcain nozzle and to the sub-scale
S1 and S3 nozzles (see Table 4) through a parametric study that
was carried out in [5]. That is done because the ﬂuid ﬂow ﬁeld is
determined by the shape of the nozzle and this affects the
pressure distribution on the wall from which the ﬂuid loads are
computed.
In the S1 sub-scale nozzle the characteristic length for the scal-
ing was the nozzle exit radius ðreÞ and in the S3 sub-scale nozzle
was the throat radius ðrtÞ, thus different contours are obtained.
Fig. 10. Wall pressures during the start-up. Comparison between NO-FSI and FSI cases.
Fig. 11. Displacement of nodes 1–5.
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Fig. 12. Ignition process of the rocket engine.
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Therefore to perform an aeroelastic study of the proposed TOP
(Thrust Optimized Parabolic or Parabolic Bell Nozzle) nozzle the
radius and the wall pressure distribution ðpwÞmust be comparable
to the Vulcain, S1 and S3 (see Fig. 7). Fig. 7 shows that the TOP noz-
zle under study has similar radius distribution than Vulcain, S1 and
S3, which makes valid the comparison between the parietal pres-
sures. Then, the computed wall pressure when the ﬂow is com-
pletely developed is compared, showing a good agreement.
Having veriﬁed the pressure distribution when the ﬂow is
completely developed, the next step is to study qualitatively
the evolution of the shock wave during the start-up. In Ref.
[21] the behavior of the structure when a shock wave moves
through the divergent zone of the nozzle is described and the
process is outlined in Fig. 8.
During the start-up process the pressure increases linearly from
p1 to p0 in 1 104 seconds. The formed shockmoves rapidly (faster
than speed of sound on the non-perturbed condition) trough the
stagnant low pressure medium. Also a secondary left running (with
respect to theﬂuid) shockwaveappearsand is carried to the rightbe-
cause of the supersonic carrier ﬂow. This shock wave links the high
Mach number, low pressure ﬂow, with the lower velocity high pres-
sure gas behind the primary shock. The results of the ﬂuid structure
interaction during this stage are shown in Fig. 9, together with the
pressureat thewall. Note a largepressure jumpacross the secondary
shock wave (see Fig. 9), which produces signiﬁcant bending mo-
ments in the structure, changing the outﬂow pattern and the pres-
sure downstream while the shock wave propagates towards outlet,
making this process totally dynamic. First of all, a run is performed
only considering the ﬂuid problem (hereafter case name NO-FSI)
such that the parietal pressure is computed without the effect of
the wall movement. Then, the coupling is performed (case name
FSI) and the parietal pressures of both cases are compared. The tem-
poral evolutionof thepressure at thenodes (1–5) located at theposi-
tions shown in Fig. 9 are plotted in Fig. 10. As seen in the Figures, the
wall displacements (shown in Fig. 11) produce oscillations in the
ﬂuid pressure which are not considered for the ﬁrst case (NO-FSI).
As the plot shows, considering the wall displacement to compute
the pressure acting in the nozzle is very important and this is one
of the key points of this work.
In this case the shock wave is expelled from the nozzle but in
certain operating condition, like overexpanded mode, the shock
wave do not leave the nozzle. This kind of shock produce a strong
pressure jump and with the structure deformation can cause an
asymmetric pressure distribution as is mentioned in Östlund [4].
So, this is a ﬁrst step in order to demonstrate the relation between
the aeroelastic coupling and the acting lateral loads.
The sequence in Fig. 12 shows the behavior of the structure as
the shock wave moves through the divergent section of the nozzle.
Also, the Mach number on the nozzle centerline is plotted in the
right side.
5.2. Aeroelastic frequency shifting
During the design of a nozzle it is important to predict the re-
sponse of the structure under thrust loads, like lateral ones, be-
cause in normal operating conditions, the nozzle is subject to
external and internal ﬂows that change the wall pressure distribu-
tion dynamically. There exist several approaches to perform this
analysis, starting from the simplest one, where the nozzle is char-
acterized only by the mass, the inertia and a torsional spring at the
throat, to more complex FSI models [34] as the one studied in this
work.
The following analysis gives some physical insight in how the
ﬂuid forces shift the eigenfrequencies of the system due to the cou-
pling phenomena.
The most studied mode in the nozzle structure problem, is the
lowest frequency bending mode (1) (see Fig. 13). In this work,
the study is extended to the lowest frequency axial mode (2).
The bending mode is excited by side loads while the axial mode
is excited by ﬂuctuations in the thrust, as occurs during start-up.
For the computation of the eigenfrequencies xi of the structure
two methods are considered. One is the ‘‘hammer test” where the
nozzle is deformed and then is free to vibrate, characterizing the
modes and frequency via a FFT (Fast Fourier Transform). The other
method is the ‘‘Generalized Eigenvalue Problem” (GEPV) in which
the mass and rigidity matrix are needed to solve the system
ðKx2i MÞu ¼ 0: ð15Þ
The eigenfrequencies obtained with these methods are listed in
Table 5. The next step is to compute the eigenfrequencies for the
coupled problem. Therefore to obtain these eigenfrequencies, the
structure and the ﬂuid are started from a fully-developed steady
ﬂow condition computed previously, being the structure deformed
with the eigenvector obtained from the GEVP corresponding to the
studied modes. Then, a FFT is performed over the temporal dis-
placement of the nodes 1–5. The frequencies resulting after carry-
ing out these numerical simulations are compared in the Fig. 14.
This analysis shows that the inﬂuence of the ﬂuid–structure cou-
pling may be very important, producing a frequency shift of
47.7% for the bending mode and 8.7% for the axial mode. In addi-
tion, the frequency of the axial mode increases, while the fre-
quency of the bending mode decreases. It will be shown with a
simple analysis that this change in behavior can be explained by
the sign of the additional stiffness when considering the coupling
with the ﬂuid. The governing equations for the structure are
M€uþ C _uþ Ku ¼ Faeroðu; _u; €u; . . .Þ; ð16Þ
whereM is the mass matrix, C is the damping matrix, K is the stiff-
ness matrix and Faero is the aerodynamic forcing term which can be
expanded in term of a series in u and its derivatives, from which the
terms up to second order are retained.
Faeroðu; _u; €uÞ  ðKaerouþ Caero _uþMaero€uÞ; ð17Þ
where Maero;Caero, and Kaero are the mass, damping and stiffness
added by the ﬂuid. The ratio between the ﬂuid and the structure
masses is 1/400, so the mass added by the ﬂuid is negligible and
Fig. 13. Modes of vibration.
Table 5
Eigenfrequencies.
– FFT (Hz) GEVP (Hz) Difference (%)
Mode 1 17.2 15.7 9.5
Mode 2 138.5 129.9 6.6
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is not taken into account in the forcing term. In order to justify this
assumption, a simple test case with the ﬂuid at rest was carried out
and showed that nozzle eigenfrequencies remain unchanged com-
pared to the case without coupling. In addition, the added mass
term always tends to reduce the frequency, so that it has no effect
on the shift directions. The damping term has been neglected, being
its inﬂuence on frequency of second-order. So, combining the Eqs.
(16) and (17), results in
M€uþ ðKþ KaeroÞu ¼ 0: ð18Þ
We insist that the scope of these crude approximations is
merely in order to have a very simple explanation for the different
sign in the frequency shifts. An increment in the global stiffness
gives a higher eigenfrequency and viceversa. According to the per-
turbation theory, the eigenfrequency shift is given by:
dx2i ¼
wTi Kaerowi
wTi Mwi
; ð19Þ
where dx2i and wi are the change in the square of the eigenvalue and
the normalized vector of displacements for the mode i. As the
denominator is always positive, only the sign of the numerator
has to be determined. It can be shown that the numerator is the
workW done by the ﬂuid on the structure as it vibrates in the cor-
responding mode,
wTi Kaerowi ¼ 
Z
S
ðpi  pref Þðn^wiÞdS ¼W; ð20Þ
where S and n^ are the inner surface of the nozzle and its normal
pointing to the inside. The wall pressure distribution on S for the
unperturbed problem is pref and pi is the pressure distribution cor-
responding to a small perturbation in the mode i.
Then, if the work done by the ﬂuid is positive, the eigenfrequen-
cy is shifted to a higher value and conversely, if the work done is
negative the eigenfrequency is shifted to a lower value.
Using the Eq. (20), the work done by the ﬂuid is 1.3 (Joules) for
the bending mode and it is 53.1 (Joule) for the axial mode, which
explains the sign of the frequency shifts shown in Fig. 14.
6. Conclusions
The aeroelastic process developed during the starting phase of
the rocket engine was analyzed via a coupling ﬂuid/structure code
with a weak coupling algorithm over the ﬂuid and structure states.
The code was previously validated with the study of ﬂutter of a ﬂat
solid plate aligned with a supersonic ﬂow, where the critical Mach
number was computed and compared with the one obtained from
Houbolt’s approximation.
A comparative analysis of the parietal pressure of multiple TOP
nozzle was carried out (Section 5.1) with the aim of validating the
internal ﬂuid ﬂow model. The accuracy when computing the wall
pressure distribution is very important because it is used in the
aeroelasticity analysis, having a direct impact in computed eigen-
frequencies of the coupled problem.
A modal analysis of the structure was performed via two differ-
ent methods (FFT, GEPV) to obtain the eigenfrequencies of charac-
teristic modes of the nozzle. The behavior of these modes was
studied in the coupled case that represents the normal operation
condition. It was veriﬁed that the effect of the coupling on the
structure frequencies cannot be neglected in this case.
The use of dynamic/absorbing boundary conditions reduced sig-
niﬁcantly the CPU time and the consumed memory by allowing to
put the artiﬁcial exterior boundary at the exit plane of the nozzle.
Furthermore, these kind of dynamic conditions automatically han-
dle the change in the Jacobian proﬁle when the ﬂuid changes its re-
gime from subsonic to supersonic during the ignition stage.
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